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Abstract. In this note we show that the apolar cubic forms associated to 
codimension 2 linear sections of canonical curves of genus g > 11 are special 
with respect to their presentation as sums of cubes. 



1. Introduction 

In a graded Artinian Gorenstein ring A with socle degree d, multiplication defines 
(up to scalar) a homogeneous form / of degree d, called the socle degree generator, 
dual polynomial or apolar polynomial of A. Codimension 2 linear sections of a 
canonical curve of genus g define Artinian Gorenstein quotients of the homogeneous 
coordinate ring of the curve. These quotients have socledegree 3 and therefore define 
(up to scalar) cubic forms in g — 2 variables. A dimension count shows that a general 
cubic form is not obtained this way when g > S. While a general cubic form in 
g — 2 variables cannot be written as a sum of less than ■^gig — 1) cubes, our main 
result says that the cubic forms apolar to a general codimension 2 linear section of 
a general canonical curve of genus 5 > 11 can be written as a sum of 2(7 — 4 cubes. 

Our methods give results concerning the variety of different powcrsum presen- 
tations. In particular we obtain partial results for genus g — 9 (cf. Results for 
g < 6 are classical, while g = 7 and g = 8 was treated in [Q and 

Powersum presentations of forms from a more algebraic viewpoint have been 
studied extensively in Q . 

We work throughout over the complex numbers C. 

1.1. Powersum presentations. Let / G C[a;o,... ,x„] be a homogeneous form 
of degree d, then / can be written as a sum of powers of linear forms 

f = lf + ... + lt 

for s sufficiently large. Indeed, if we identify the map / l'^ with the d*'* Veronese 
embedding P" ^ P^"*, where Nd — ("^'') — 1, this amounts to say that the image 
spans P''^'*. Fixing {d,n), the minimal number s of summands needed varies with 
/, of course. A simple dimension count shows that 

n + 1 \ n J 

for a general /. With a few exceptions equality holds by a result of Alexander and 
Hirschowitz jl) combined with Terracini's Lemma (cf. Q) : 
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Theorem 1.1. (Alexander, Hirschowitz) A general form f of degree d in n 
variables is a sum of T';;;^ powers of linear forms, unless 



d — 2, where s ~ n + 1 instead of \^^^~\ 



or 



d — 4: and n — 2,3, 4, where s = 6, 10, 15 instead of 5, 9, 14 respectively, or 
d — 3 and n — A, where s = 8 instead of 7. 

Let F — Z{f ) C P" be the hypersurface defined by /. For a linear form / we 
denote by L the point in P" of the hyperplane Z{1) C P". Then we define, as in 
I?! , the variety of sums of powers as the closure 

VSP{F, s) = {{Li, . . . , L J G HilbsiP-^) I 3A, e C : / = X^lf + ... + XJ^} 

of the set of powersums presenting / in the Hilbert scheme (cf. Q). Notice that 
taking d"^ roots of the Ai, we can put them into the forms k. We study these 
varieties of sums of powers using apolarity. 

1.2. Apolarity. (cf. §). Consider R = C[2;o, . . . , a;„] and T = C[5o, . . . , 5„]. T 
acts on R by differentiation: 

if /3 > a and otherwise. Here a and /3 are multi-indices, (^) = 11 (f ^^"^ o^- 
One can interchange the role of R and T by defining 



This action defines a perfect pairing between forms of degree d and homogeneous 
differential operators of order d. In particular, i?i and Ti are natural dual vector 
spaces. Therefore the projective spaces with coordinate ring R and T respectively 
are natural dual to each other, we denote them by P" and P". A point a — 
(ao, . . . , On) G P" defines a form la = ^ o-iXi G Ri, and for a form D E 

D-lt^e\('^)Dia)lt-^, 



when e < d. In particular 

(*) D-li = ^ D{a) = 

if e < d. More generally we say that homogeneous forms f G R and D G T are 
apolar iif-D^D-f = (According to Salmon (1885) ||] the term was coined 
by Reye). 

Apolarity allows us to associate an Artinian Gorenstein graded quotient ring of 
T to a form: For / G i? a homogeneous form of degree d and F = Z{f) C P" define 

F-L = = {D e T\D • / = 0} 

and 

AF ^T/F^. 

The socledegree of is d, since 

L»' •(£>•/) = VD' G Ti ^ D ■ f ^ or D e Td. 

In particular the socle of A^ is 1-dimensional, and A^ is Gorenstein. It is called the 
apolar Artinian Gorenstein ring of F . Conversely for a graded Gorenstein ring A — 
T/I with socledegree d, multiplication in A induces a linear form / : Symj;(Ti) C 
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which can be identified with a homogeneous polynomial / G i? of degree d. This 
proves: 

Lemma 1.2. (Macaulay, |@|) The map F !—!■ A is a bijection between hypersurfaces 
F = Z(f) C P" of degree d and graded Artinian Gorenstein quotient rings A = T / 1 
of T with socledegree d. 

Let X C P"+™+i be a m-dimensional arithmetic Gorenstein variety. Let S{X) 
be the homogeneous coordinate ring of X, and let hi, . . . , hm+i be general linear 
forms and set L = Z{hi, . . . , hm+i)- Then by definition S{X)/{hi, . . . , hm+i) is 
Artinian Gorenstein, i.e. by Macaulays result the apolar Artinian Gorenstein ring 
of a (n — l)-dimensional hypersurface of degree d, the socledegree of the ring. L 
is a linear space of dimension n and by apolarity F^ = Z{fL) is a hypersurface in 
the dual space to L. We say that Fl is apolar to the (empty) linear section L n AT. 
Hence, there is a rational map 

ax ■ G{n + l,m + n + 2) > Hn,d 

Where Hn,d is the space of (n — l)-dimcnsional hypersurfaces of degree d modulo 
the action of PGL{n + l,k). 

A canonical curve C C psC^)^! is arithmetic Gorenstein, i.e. the homogeneous 
coordinate ring S{C) is Gorenstein. Let /ii, /12 G S{C) be two general linear forms, 
then the quotient S'(C)/(ft.i, is Artinian Gorenstein with values of the Hilbert 
function: 1, g — 2, g ~ 2,1. Its socledegree is therefore 3. Thus we obtain a map 

ac : G{g{C) - 2,.g(C)) > i?g(c)-3,3 

to the space of cubic hypersurfaces of dimension g(C) — 4. We shall study the image 
of this map. In particular we shall study the variety of sums of powers of the cubic 
hypersurfaces in this image. 

1.3. Variety of apolar subschemes. Let F = Z{f ) C P" denote a hypersurface 
of degree d. We call a subscheme F C P" apolar to F, if the homogeneous ideal 
IrCF^ d T. 

Apolarity lemma 1.3. Let li,... ,ls be linear forms in R, and let Li e P" be 
the corresponding points in the dual space. Then f = Xilf + . . . + As^f for some 
Xi G C* if and only ifT = {Li, . . . , Ls} C P" is apolar to F = Z(f). 

Proof Assume / = Xilf + . . . + A^^f . If g G /r, then g ■ if^O for aU i by (*), so by 
linearity g G F-^. Therefore F is apolar to F. 

For the converse, assume that /r C F^. Then we have surjective maps between 
the corresponding homogeneous coordinate rings 

T^ Ar = T/Lr A^ . 

Consider the dual inclusions of the degree d part of these rings: 

Hom(A^, C) ^ Hom((^r)rf, C) ^ Hom(Trf, C). 

D ^ D ■ f generates the first of these spaces, while the second is spanned by the 
forms D^D-lf. Thus / lies in the span of the if. □ 
This is the crucial lemma in the study of powersum presentations of /. Further- 
more it allows us to define a variety of apolar subschemes to /, which naturally 
extends our definition of the variety of sums of powers. 



VPS{F, s) = {F G Hilbsit"') I /r C F-L}, 
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where Hilbs(P"') is the Hilbert scheme of length s subschemes of P". Clearly 
VSP{F, s) is the closure of the set parametrizing smooth subscemes in VPS{F, s). 
In general they do not coinside. 

2. Apolar varieties of singular sections 

2.1. Apolar varieties. Let X C P"+™+i be a reduced and irreducible m-dimen- 
sional nondegeneratc variety of degree d > 3 and codimension n + 1 > 2. Let p € X 
be a general smooth point. Let CpX be the cone over X with vertex at p. Since 
p is a smooth point, the degree of the cone CpX is d — 1, while the dimension is 
TO+ 1. Clearly X C CpX. 

We apply this simple construction to describe powersum presentations of hy- 



persurfaces in the image of the map ax in 1.2. Let again X C P"+™+i be a m- 
dimensional arithmetic Gorenstein variety of degree d. Fix a general n-dimensional 
linear subspace L C P"+'"+i^ in particular we fix the hypersurface Fl in the image 
of ax- Let p be a smooth point on X, then the intersection CpX n L is clearly 
nonempty, and if it is proper it is 0-dimensional of degree d — 1. We may assume 
that this intersection is proper and smooth for a general L or general p, so we get 
an apolar subscheme of degree d — 1 to Fl, i.e. a point in VSP{FL,d — 1). We 
have shown: 

Proposition 2.1. Let X C P"+'"+i be a m- dimensional arithmetic Gorenstein 
variety of degree d, and let L C P"+™+i be a n-dimensional linear subspace such 
that L n X = 0. Let F^ be the associated apolar hypersurface. Then there is a 
rational map X > V SP{Fl, d — 1) defined by p i~* CpX D L. 

Problem 2.2. When is this map a morphism? When can F^ and X be recovered 
from the image of this map ? 

We may improve slightly on the degree of the apolar subschemes by considering 
cones on special linear sections of X. 

2.2. Tangent hyperplane sections. Let X C P"+™+i be a reduced and irre- 
ducible m-dimensional nondegeneratc variety of degree d and codimension n+l > 2. 
We assume additionally that X satisfies the following condition: 

A general tangent hyperplane section of X has a double point at 
the point of tangency, and the projection of the tangent hyperplane 
section from the point of tangency is birational. 



In particular, X is not a scroll and d > 4. Let p £ X he a general smooth point. 
Let Hp be a general hyperplane tangent to X at p. Since Hp Ci X has multiplisity 2 
at p and the projection of Hp D X from p is birational, the image of the projection 
is (to — l)-dimensional of degree d — 2. Therefore Hp H X is contained in an to- 
dimensional cone Cp{Hp (1 X) of degree d — 2 with vertex at p. Similarly, if Hp and 
Hp are two general hyperplanes tangent at p, then the intersection HpCiH^nX has 
a singularity at p of multiplisity 4, the complete intersection of two singularities of 
multiplisity 2. In this case we say that the codimension 2 space Hp n H^ is doubly 
tangent to X at p. If 

{* * *) the projection of Hp n H'^ D X from p is birational. 
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then the image (m — 2)-dimensional of degree 4 less than the degree of X . Hence 
HpC] HpdX is contained in a (m — l)-diinensional cone Cp {Hp DHpCiX) of degree 
d — 4 with vertex at p. This proves the 

Lemma 2.3. Let X C P"+'"+i he a smooth m- dimensional nondegenerate variety 
of degree d, and assume that X satisfies condition (**). Let p G X be a general 
smooth point, and let Hp be a general hyperplane tangent to X at p. Then the cone 
Cp{Hp n X) is an m-dimensional variety of degree d ~ 2 that contains Hp D X. 
Assume furthermore that X satisfies condition (* * *), and let Hp and Hp be two 
general hyperplanes tangent to X at p. Then the cone Cp{HpC]HpC\X) is a (m— 1)- 
dimensional variety of degree d — A that contains Hp n Hp H X . 

As above we apply this lemma to describe powersum presentations of hypersur- 



faces in the image of the map ax in section 1.2. Let again X C be a 

TO-dimensional arithmetic Gorenstein variety of degree d, with to > 1. We assume 
additionally that X satisfies condition (**). Fix a general n-dimensional linear sub- 
space L C P"+™+i^ in particular we fix the hypersurface Fl in the image of ax- 



If L C Hp where Hp is a general hyperplane tangent at p, then according to 2.1 
there is a (m — l)-dimensional variety Y D Hp n X of degree d — 2. The intersection 
y n i is clearly nonempty, and if it is proper it is 0-dimensional of degree d — 2. 
We may assume that this intersection is proper for a general L, so we get a point 
in VSP{FL,d- 2). Let X C P"+"+i be the dual variety of X, i.e. the set of 
hyperplanes tangent at some point p e X. Then we have set up a rational map 

Xl ^ V5P(Fi,d-4) 

where Xl = {[H] G Xl\H D L}. The subvariety Xl has dimension m — codimX, 
which equals m — 1 when X is nondegenerate. In particular this is the case when 
X is a curve. 

Similarly, assume that X satisfies and let L C Hp n Hp where Hp and 

Hp are two general hyperplanes tangent at p. Then, according to there is a 
(to — l)-dimensional variety 

Y D HpHH'pHX 

of degree d — 4. The intersection Y n L is clearly nonempty, and if it is proper it is 
0-dimensional of degree d — 4. We may assume that this intersection is proper for 
a general L, so we get a point in VSP{FL,d — 4). Let Zx C G(to + n,m + n + 2) 
be the set of codimension 2 subspaces doubly tangent at some point p G X. Then 
we have set up a rational map 

G(m-|-n,TO + n + 2) D Zl > VSP{FL,d-A) 

where Zl = {[V] G Zx\V D L}. If the dual variety of X is nondegenerate, then the 
subvariety Zx has dimension TO+2(n— 1). The codimension in G(rn+n, m-|-n-|-2) of 
subspaces that contains L is 2(TO + n) — 2(to— 1) = 2n + 2 so the expected dimension 
of Zl is m — 4. 

Notice that it is essential for the dimension count that X is not a cone, i.e. that 
the dual variety is nondegenerate. 

Proposition 2.4. Let X C P"+'"+i be a m-dimensional arithmetic Gorenstein 
variety of degree d, with to > 1. Assume that X satisfies the condition (**) and 
has nondegenerate dual variety. Let L C P"+™+i be a general n-dimensional lin- 
ear subspace, and let Fl = ax{[L]) be the hypersurface apolar to L X. Then 
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VSP{Fl, d — 2) ^ and of dimension at least m — I. Assume furthermore 
that TO > 4 and that X also satisfies condition Then the dimension of 

VSP{Fl, c? — 4) is at least m — 4, when to > 4 and L is contained in at least one 
codimension 2 linear space doubly tangent to X . 

3. Canonical curves and apolar cubic polynomials 



For a general cubic n-fold F, the result of Alexander and Hirschowitz (1.1) 
implies that VSP{F, k) — 0, when k < i(n + 4)(n + 3). In 1.2 we defined a map ac 



that associates an apolar cubic n-fold to an empty codimension two linear section 
of a canonical curve C of genus g = n + 4. The following theorem shows that cubic 
n-folds in the image of this map are special with respect to the possible powersum 
presentations as soon as n > 7. 

Theorem 3.1. If F is a cubic n-fold apolar to a general codimension two linear 
section of a general canonical curve of genus g — n + -i, then V SP{F, 2n + 4) ^ %. 



Proof. This is immediate from 2.4 since a canonical curve has nondegenerate dual 



variety and satisfies (**). □ 

Remark 3.2. By Hurwitz' formula, the degree of the dual variety of a canonical 
curve is 6g — 6, so VSP{F, 2n + 4) contains at least 6n + 18 points. We do not 
know whether there are more. 

For n < 3, the general cubic is apolar to a section of a canonical curve. This fact 
can be used to describe completely the powersum presentations of the cubic form 
(cf. §). 

For n = 3, 4, 5 the general canonical curve of genus g = n + 4 is a linear section 
of a homogeneous space of dimension at least 6 (cf. [^). For n = 4,5, these 
homogeneous spaces of dimension 8 (resp. 6) have nondegenerate dual varieties. 



For a cubic 4-fold F apolar to a general canonical curve of genus 8 proposition 2.4 
gives us a 4-dimensional component of VSP{F, 10). It is shown in that this is 
in fact all of VSP{F, 10). 

A general canonical curve of genus 9 is a linear section of the symplectic grass- 
mannian Sp{3)/U{3) C G(3,6). For a cubic 5-fold F apolar to a canonical curve 
of genus 9, which is contained in a codimension two linear section doubly tangent 



to Sp{3)/U{3), proposition 2A gives us a 2-dimensional subvariety of VSP{F, 12). 



On the other hand, for a general cubic 5-fold F it follows from LI that VSP{F, 12) 
is finite. 

The gen eral canonical curve of genus 10 is not a section of a i4r3-surface (cf. |^), 



so only|3T| applies i.e. VSP{F, 16) ^ 0, while already VSP{F, 15) 7^ for a general 



cubic 6-fold F. 
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